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I. INTRODUCTION

One of the main challenges in high field solenoids is
the large stress levels developed on the conductor due
to Lorentz forces. To find parametric correlations useful
in magnet design, analytical models can be used. An
effective model is herein proposed to obtain the radial,
azimuthal and axial stresses in a solenoid as a function of
all the different parameters involved in this phenomenon.

II. ANALYTICAL MODEL

The model was divided into two different sections con-
nected together: a magnetic model describing the mag-
netic field produced by the solenoid and the current
density acceptable, a mechanical model describing the
stresses in the coil and in the skin.

A. Magnetic model

The stresses on a solenoids are caused by the interac-
tion between the magnetic field and the current, accord-

ing to the Lorentz’s force ~F =
∫
~J × ~B, so first of all a

magnetic model of the solenoid was created.
In a thick and finite-length solenoid [1] we can define

the azimuthal component of vector potential as

Aφ(r, z) =
µ0

4π
J(B)

Lc
2∫

−Lc2

R2∫
R1

a

2π∫
0

cos(θ)√
(z − l)2 + r2 + a2 − 2arcos(θ)

dθ da dl (1)
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(a)axial field (b)radial field

FIG. 1. Distribution of magnetic field in an half section of
the coil

As a consequence of that the two components of the mag-
netic field (axial and radial) are respectively

Bz(r, z) = −1

r

∂ [rAφ(r, z)]

∂r
(2)

Br(r, z) = −∂Aφ(r, z)

∂z
(3)

Solving these two equations in an axial section of the
coil the distributions shown in Figure 1 have been found.

The maximum self-field at the inner radius of the coil
can be calculated more simply as [2]

B0(α, β) = R1µ0Jβln

(√
α2 + β2 + α√
1 + β2 + 1

)
(4)

where α = R2

R1
and β = Lc

2
1
R1

The axial self-field was considered to have a linear dis-
tribution from B0(α, β) at the inner radius to zero at the
outer one. In case of an insert coil configuration the total
field was calculated as the superposition of all fields [3].
The background field is constant in all the solenoid.

The radial self-field was considered to be constant
along the radius and equal to Br(z) = Br

(
R1+R2

2 , z
)
,

while the axial distribution was considered to be a
parabola with its minimum in the mid plane, as shown in
Figure2. The radial component of the background field
was neglected.
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FIG. 2. Approximations of self-field

B. Mechanical model

The analytical mechanical model is based on a few as-
sumptions, in order to be able to use simple equations
and obtain results with little computational effort. The
materials are supposed to be isotropic, linear, homoge-
neous and elastic, while actually the coil is realized with
three different anisotropic materials (APPROFONDIRE
O CITARE).

Only the mid plane stress distribution was considered
because it was demonstrated and verified with FEM sim-
ulations in that it is the most loaded [4]. This is true
under the hypothesis of ”long” solenoid.

Firstly a classical approach have been used considering
only the plane stress, then to determine axial stresses, the
generalized plain strain approach was exploited. Finally
the two results were coupled, because of the Poisson ef-
fects on deformations, obtaining the definitive stresses of
the coil.

1. Planar stresses

Exploiting the axial symmetry of loads and geometry
of the problem, it can be solved using Lamé ’s equation
[5, 6], which is able to describe both the coil and the skin.

E

1− ν2

(
d2u

dr2
− 1

r

du

dr
− u

r2

)
+ f = 0 (5)

Depending on the load configuration, the expression of
the term f has been considered to be

f = J ·B(r) self field

f = J · (B(r) +Bout) insert coil

f = 0 skin

The solution of the differential equation 5 both for coil
and skin is

u(r) = C1r +
C2

r
+ u0(r)

where u0(r) is a solution of the non homogeneous equa-
tion 5. In the generalized case of an insert coil,

u0(r) =
−
(
1− ν2

)
J(Btot)

E[
B0

R2 −R1

(
R2r

2

3
− r3

8

)
+Bout

r2

3

]
(6)

The four coefficients can be determined imposing the
boundary conditions on the free surface and at the inter-
face between coil and skin.

σrr,c(R1) = 0

σrr,s(R2 + t) = 0

σrr,c(R2)− σrr,s(R2) = 0

uc2(R2)− us2(R2) = 0 (7)

Imposing a plane stress hypothesis, it is very simple to
determine deformations, εrr(r) = du

dr andεθθ(r) = u
r and

stresses

σrr(r) =
E

1− ν2
[εrr(r) + νεθθ(r)]

σθθ(r) =
E

1− ν2
[εθθ(r) + νεrr(r)]

2. Axial forces

First of all the congruence of axial deformations was
imposed. In particular, if we consider the mid-plane sec-
tion of the coil,the axial stress is evaluated according to
the generalized plain strain theory, which was consid-
ered the most adequate, considering that also during the
magnetic modeling of the coil a similar hypothesis (long
solenoid). As a consequence of that the axial stress is

σzz(r) = ν [σθθ(r) + σrr(r)]− σ̄zz (8)

where σ̄zz = 2
∫ R2

R1
ν [σθθ(r) + σrr(r)] r dr Then the effect

of the radial component of magnetic field was introduced,
using a beam approach, so the stress can be evaluated as

σzzmagnetic =
Faxial

π (R2
2 −R2

1)
(9)

where Faxial =
∫ Lc

2

0
dFaxial determined taking into ac-

count the parabolic approximation anf the Lorentz’s force
equation.

To increase the accuracy of the model, the effects of the
axial stress were finally considered in the hoop and radial
stresses taking into account the Poisson effects on defor-
mations, superposing the effects and respecting all the
boundary conditions. An estimation of the axial stress
in the skin was obtained considering the friction between
the outer surface of the coil and the inner surface of the
skin.
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3. Thermal effects

Thermal effects were considered only for planar
stresses considering this law of deformation and imposing
the boundary conditions of Equation 7(

σrr
σθθ

)
=

E

1− ν2

(
1 ν
ν 1

)(
εrr − α∆T
εθθ − α∆T

)
=

E

1− ν2

(
1 ν
ν 1

)(
du
dr − α∆T
u
r − α∆T

)
(10)

It is important to consider them because the coil and
the skin have different coefficients of dilatation so, the
changing in temperature between the assembly (25C)
and the working (4.2K) creates stresses DA IMPEDITA
DEFORMAZIONE. Generally the skin is more sensitive
to temperature, so it is more compressed than the coil
producing a decrease in the max coil hoop stress.

4. Assembly interference

Assembly interference between the coil and the skin
was modeled defining a ∆U parameter which describes
the intensity of this phenomenon. Actually, this effect
can be obtained even applying a preload tension to the
skin ropes, but the model is still good because, under
our hypothesis, there’s a linear dependence between ∆U
and Tpreload and an analitic estimation have been devel-
oped in order to link the model with the manufacturing
processes of coil:

Fcable '
Lc
∫ R2+t

R2σθθ(r) dr

NAV V OLGIMENTI

The explicit relationship between ∆U and Tpreload de-
pends on the geometry of the solenoid.

To obtain the analytic solution of the effect of the as-
sembly interference, the principle of superposition of the
effects have been exploited. First of all, the equation 5
has been resolved only for the skin simply imposing

f = 0

u(R2) = ∆U

σrr(R2 + t) = 0

Then this solution was superposed to the standard one
and all the stresses were calculated and the results, de-
pending on the value of interference, are shown in Figure
3 where there is a comparison with the effect produced
by thermal conditions.

5. Winding coil

The boundary conditions imposed to describe this ef-
fect are

u(R1) = Wcoil

σrr(R2) = 0
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FIG. 3. Stresses due to assembly interference
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FIG. 4. Stresses due to winding coil

Solving the differential equation 5, the stresses in the
coil due to different winding coil are shown in Figure 4

As shown in Figures 3 and 4, the assembly interfer-
ence and the winding coil seem to have opposite effects
on the stresses of the two components of the solenoid.
The interference increases stresses on the skin, while the
winding coil increases the coil stresses. Actually, both of
them increase the stiffness of the structure reducing the
maximum axial displacement of the coil, but they split
the necessary stresses in different ways.

Starting from the knowledge of hoop stress in the coil
it is possible to calculate an estimation of the neces-
sary preload tension to be applied to the superconducting
ropes to produce the desired effect exactly with the same
approach used for the assembly interference.

C. Multiskin configuration

In order to obtain higher magnetic fields and to re-
duce the maximum stresses in the structure, a lot of new
solutions of concentric coil have been developed.

In this geometry, described in the Appendix B the
same Lamé ’s equation 5 can be used to describe the
mechanical behavior of the structure, but new boundary
conditions are needed, in order to determine 8 indepen-
dent coefficients.
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FIG. 5. Planar stresses in the self field solenoid

σrr,c1(R1) = 0

σrr,s2(R2 + t2) = 0

σrr,c1(Rm)− σrr,s1(Rm) = 0

σrr,s1(Rm + t1)− σrr,c2(Rm + t1) = 0

σrr,c2(R2)− σrr,s2(R2) = 0

uc1(Rm)− us1(Rm) = 0

us1(Rm + t1)− uc2(Rm + t1) = 0

uc2(R2)− us2(R2) = 0

In this case the structure was supposed to be continu-
ous with a perfect contact between the first skin and the
second coil. This was done to reduce the stresses in the
inner coil and to ease the manufacturing process and the
design of the mechanical support of the solenoid.

Even in this case the hypothesis that the magnetic load
acts only on the coil has been used. More over, the hy-
pothesis of a linear behavior of the magnetic field was
adopted neglecting the magnetic effect of a small steel
skin between the two concentric coils.

The outer skin was considered to produce a back-
ground field for the inner one.

III. VALIDATION

To verify the accuracy of the analytical model pro-
posed, the results obtained for two configurations de-
scribed in Appendix B were compared with the results
of a mesomechanic FEM model [7]. As shown in Figures
5 and 6 the distributions of plane stresses are perfectly
coherent. In Figure 7 it is possible to appreciate that this
new analytic model is able to foresee with good accuracy
even the axial component of stress.

Finally in Table I there are the percentage differences
between the two models, which are fully acceptable, con-
sidering the approximations and the uncertain knowledge
of material properties. SISTEMARE

IV. RESULTS AND DISCUSSION

QUESTA DOVREBBE ESSERE LA PARTE
SOSTANZIOSA
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FIG. 6. Planar stresses in the insert coil solenoid
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FIG. 7. Axial stresses

self field insert + 10T insert + 20T
coil hoop 3.5% 3.7% 1.8%

coil radial 1.4% 5.9% 32%
coil axial 38% 13% 0.5%

skin hoop 2.8% 20% 26%
skin axial 28% 9.5% 35%

TABLE I. Difference between the models

Using the completely analytic model described in Sec-
tion II it is possible to study the effects of all the pa-
rameters (geometric, physical and electromagnetic) on
the mechanical behavior. In particular it is important to
provide plots useful for future designs of superconduct-
ing solenoids in order to maximize the magnetic field and
minimize stresses.

A. Sensitivity to physical constants

Because of the uncertain knowledge of material prop-
erties, it was important to study the sensitivity of the
model to all the most important parameters

In particular it is very easy to realize that changing
the ratio between the two Young modulus of the coil and
the skin, it is possible to split up the stresses in the way
we prefer.

In Figure 8 there are the plots of the relative variation
of the hoop stress in the coil and in the skin depending
on the variation of the following parameters:

• coil Young modulus (Ec = 79.7GPa)

• skin Young modulus (Es = 206GPa)
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FIG. 8. Sensitivity of hoop stress to physical parameters
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FIG. 9. Effects of the magnetic field

• coil Poisson ratio (νc = 0.3)

• coil magnetic permeability (µ0 = 79.7GPa)

B. Effects of magnetic field

The maximum current density sustainable for an
YBCO superconductor can be described as a function
depending on the magnetic field as described in the Ap-
pendix IV B. APPROFONDIRE

As shown in Figure 9 an higher total magnetic field
makes the solenoid wider and the maximum current den-
sity acceptable lower. Actually, the first effect depends
also on the type of this magnetic field because, as shown
in Equation 4 the magnetic field produced by a solenoid
is directly proportional to the current density inside the
coil, which depends on the total magnetic field (self-field
and background).

One of the most important results obtained by this
parametric study are the laws of maximum stresses de-
pending on the total magnetic field, whose plots are
shown in Figure 10. It has been demonstrated that the
hoop stress depends not only on the value of the total
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FIG. 10. Hoop stresses in solenoids at constant magnetic field
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FIG. 11. Effects of the skin thickness

magnetic field, but also on its kind. A smaller solenoid
in a huge background field is less loaded than a huge
solenoid producing the same self field.

C. Effects of geometric parameters

Usually the dimensions of the inner radius and the ax-
ial length of the solenoid are imposed, while the outer
radius is determined by the self-field desired. In order to
manage the stress distribution in the solenoid it is pos-
sible to change the skin thickness obtaining the effects
shown in Figure 11.

D. Effects of winding coil and assembly
interference

Considering the geometry and the loading configura-
tion described in the Appendix B, it is possible to study
the effect of the manufacturing processes of the solenoid
on its mechanical behavior. In fact, as shown in Figure
12 and in Figure 13, the preload on the ropes produce
considerable effects on the stresses.

The two processes seems to produce exactly two oppo-
site effects:

• the assembly interference decreases the coil hoop
stress while it increases the skin hoop stress and
the maximum radial stress

• the winding coil decreases the skin hoop stress and
the maximum radial stress while it increases the
coil hoop stress.
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FIG. 12. Effects of interference on stresses at the working
condition
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FIG. 13. Effects of winding coil on stresses at the working
condition

Actually it is important to emphasize that these effects
depend on the particular geometry and, more in detail,
on the thickness of the steel skin as can be understood
looking at Figure 11.

1. Combinations of the effects

The task of minimizing stresses in the coil and in the
skin can be reached considering both the effects of wind-
ing coil and assembly interference combined together and
superposing the solutions obtained from Equation 5. In
Figure 14, it is possible to see that there is a minimum
of the hoop stress intensity in the coil. This minimum
is due to the fact that we are considering the absolute
value of the hoop stress and, after a determined value of
interference, the compression stress becomes more criti-
cal than the tension one. So it is possible to determine a
couple of values for the interference and the winding coil
to have a fixed value of stress in the coil.

E. Multiskin configuration

In this configuration (see Appendix B 2) there are more
geometrical parameters to set to design the solenoid, so
it is possible to optimize better the combination of the
effects in order to minimize stresses or to maximize the
magnetic field.

First of all it is important to compare the distributions
of stresses between a continued single coil solenoid and

FIG. 14. Hoop stres in the coil due to interference and wind-
ing
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FIG. 15. Stress comparison

a multiskin configuration with different thickness of the
intermediate skin, as shown in Figure 15.

The self field of the outer coil was considered to be a
constant background field.

To modify the peak stresses it can be simple and useful
to modify the material of the first skin, so a sensitivity
analysis was performed and the results are shown in Fig-
ure 16.

Using a less stiff material, it is possible to decrease the
stress on the skin without increasing it too much in the
coil and allowing an higher magnetic field.

To maximize the coil efficiency it was assumed that
each coil section operates at its own minimum critical
current density [3]. The inner coil has a critical current
density lower than the outer one, so its outer radius can
be varied to maximize the self-field of the double-coil. In
Figure 17 is shown the total magnetic fields depending
on Rm and on the thickness of the first skin. It is very
easy to understand that it is possible to obtain an higher
magnetic field with the same radial bulk.

Exploiting this important result, in Figure 18 it is

0

20

40

60

80

100

120

140

160

180

0 50 100 150 200 250

M
ax
 h
oo

p 
st
re
ss
es
 [M

Pa
]

Es1 [GPa]

coil 1
skin 1
coil 2
skin 2

FIG. 16. Maximum hoop stresses depending on the Young
modulus of the inner skin



7

11.2

11.4

11.6

11.8

12

12.2

12.4

12.6

12.8

13

13.2

9 14 19 24 29 34

To
ta
l s
el
f‐f
ie
ld
 [T

]

Rm [mm]

Btot (t=1mm)
single coil
Btot (t=2mm)

FIG. 17. Total self-field depending on Rm

0

50

100

150

200

250

300

0 10 20 30 40 50

O
ut
er
 ra

di
us
 (R

2)
 [m

m
]

Self‐field [B]

single coil
double coil

FIG. 18. Outer radius

shown the relationship between the total magnetic self-
field on a single coil configuration and a double-coil con-
figuration, where Rm was imposed to be the arithmetic
average between R1 and R2. Just to have an idea of the
possible material saving, for a 40T field the two outer
radius are respectively 262mm and 198mm with a differ-
ence in volume of the 43%.

V. CASE STUDIES

This analytical model has been used to describe
the magnetic behavior of three real configurations of
solenoids used in the most important laboratories of the
country:

• National High Magnetic Field Laboratory
(NHMFL)

• Francis Bitter Magnet Laboratory at Mas-
sachusetts Institute of Technology (FBML-MIT)

• Brookhaven National Laboratory (BNL)

All the configurations studied were realized and tested
taking into account almost only magnetic and electric
parameters, but now it is possible even to consider ana-
lytically the mechanical behaviors and optimize the con-
figurations.

CI VORREBBERO DEGLI ARTICOLI DA CITARE
E DELLE INTRODUZIONI AI SINGOLI COIL

A. National High Magnetic Field Laboratory

The coil Y10-3 was considered. The geometry is de-
scribed in Table II.

R1 7.15mm
R2 19mm
Lc 100mm

TABLE II. NHMFL coil geometry
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FIG. 19. Critical current in NHMFL coil

Considering a tape width of 4.00mm and a thickness
of 195.00µm, the Engineering Current Density was cal-
culated using our model and in Figure 19 is shown the
comparison between the experimental data obtained at
NHMFL and our analytic distribution.

The configuration studied to calculate the mechanical
stresses is the same used at NHMFL to determine the
critical current, an insert coil with a background field of
31T . The stresses obtained are shown in Figure 20.

COMMENTI

B. Francis Bitter Magnet Laboratory -
Massachusetts Institute of Technologies

This configuration is a multiskin with two coils both
realized in High Temperature Superconductors: the inner
one is realized in YBCO while the outer is in Bi2223.
The geometry and the materials properties are all listed
in Tables III and IV.

Considering the self-field loading configuration with
the magnetic fields of Tables III and IV the stresses ob-
tained are shown in Figure 21. Three different skin con-
figurations were considered in order to have a better idea
of its influence on the mechanical behavior of the struc-
ture.

The skin is very useful to reduce the hoop stress in the
coil and, optimizing its thickness, it is even possible to
control the max radial stress in the coil in order to avoid
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FIG. 20. Stress in NHMFL coil
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R1 74mm
R2 142.3mm
Lc 462.2mm
EY BCO 79.7GPa
J 19.94 A

mm2

B0 8.33T

TABLE III. MIT insert 1

R1 158.3mm
R2 221.3mm
Lc 518.2mm
EBi2223 106GPa
J 15.50 A

mm2

B0 5.76T

TABLE IV. MIT insert 2

sliding among ropes. Both the configurations with an air
interface and without have been considered emphasizing
the different effects they produce in the distribution of
stresses.

Actually, at Francis Bitter Magnet Laboratory the task
is realizing lots of insert coils all concentric, so to have
a better idea of the real stresses of the most loaded coils
(the inner ones) the same geometry was loaded with a
background magnetic field of 30T and the results are
shown in Figure 22.

C. Brookhaven National Laboratory

This last configuration was taken by the Brookhaven
National Laboratory [11] among the geometries devel-
oped for muon colliders. Even in this case, the geometry
is made of two concentric solenoids whose characteristics
are described in Tables V and VI

Figure 23 shows the stresses of the two coils with
no preload. We verified that, applying a 1 GPa inner-
magnet banding pre-stress the resulting stresses agree
with those obtained at Brookhaven National Laboratory
with an FEM simulation as shown in Table VII
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FIG. 21. Stress in FBML-MIT coils
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FIG. 22. Stress in FBML-MIT coils with 30T background
field

R1 25mm
R2 90mm
Lc 64mm
B0 10T

TABLE V. BNL insert 1

VI. CONCLUSION

As shown in all these parametric studies, the design
of superconducting solenoid is influenced by a number of
parameters. The development of a fully analytic model
able to describe all these complex phenomena is impor-
tant to have an idea of the effects of the any of them on
the stresses or on the magnetic field. The plots of Section
IV will be used by solenoids designer to better under-
stand these effect and to obtain optimized configurations
depending on their tasks. COSA CI SI SCRIVE???

Appendix A: Material properties

The physical properties of the materials composing the
coil and the steel of the skin are listed in Table VIII [8].

1. Averaged Young Modulus

The superconductor rope is composed of three different
materials as shown in Figure 24. To calculate the Young
modulus for the analytical model the areas of the differ-
ent materials were considered and an averaged modulus
was chosen, using the data in VIII. As a consequence of
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FIG. 23. Stresses without pre-stress
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R1 100mm
R2 160mm
Lc 128mm
B0 12T

TABLE VI. BNL insert 2

Fermilab Brookhaven
max coil hoop stress 327MPa 260MPa
max skin hoop stress 1.2GPa 1.1GPa

TABLE VII. Self-field configurations

Material E (GPa) ν α??? (K−1)
YBCO 110 0.3 8 · 10−6

Kapton 5.5 0.3
Epoxy 4.5 0.3

Steel 206 0.3 10 · 10−6

TABLE VIII. Materials’ properties

that in all the results shown in this article the coil was
supposed to be homogeneous with a Young modulus of

Ecoil = 79.7GPa

Of course this is only an approximation, but it has been
verified that the results perfectly agree with a FEM me-
somechanical model taking into account the exact com-
position of the coil.

2. Engineering Current Density

The Engineering Current Density, shown in Figure 9,
represents the limit for the current density in the coil that
can’t be exceeded [9]. It has been defined as a function
of the total magnetic field in the solenoid. It has been
determined fitting experimental results and its analytical
expression is

Jc = c1e
−c2B + c3e

−c4B (A1)

where the coefficients at 95% confidence level have the
following values:

c1 = 1018

c2 = 0.3606

c3 = 503.3

c4 = 0.01702

Appendix B: Geometric configuration

In this section there are all the data of the geometries of
the solenoids used to perform all the parametric studies
on the two different configurations: single and double
coil.

FIG. 24. Geometry of the elementary cell of the coil

FIG. 25. Geometry of the solenoid

R1 9.5mm
R2 33.4mm
Lc 126mm
t 4mm

Jeng 4.238 · 108 A
m2

B0 12T
Br(Lc

2
) 3.435T

TABLE IX. Definition of the standard solenoid

R1 9.5mm
R2 33.4mm
Rm 17.8mm
Lc 126mm
t1 1mm
t2 4mm

J1,eng ???? · 108 A
m2

J1,eng ???? · 108 A
m2

B0 ??T

TABLE X. Definition of the standard solenoid for double coil
configuration

1. Single coil

The geometry considered in this work is shown in figure
25. To validate the analytic model and to run all the
parametric studies a standard solenoid was defined [4] as
described in Table IX

2. Double coil

Here in Figure 26 the geometry of the double coil con-
figuration is described while all the significant dimensions
of the standard solenoid are in Table X.
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FIG. 26. Geometry of the solenoid

This multiskin configuration may also be studied intro-
ducing an air gap between the first skin and the second
coil in order to reduce the maximum stresses and have a
better cooling, but generating some manufacturing prob-
lems.
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